Let the nonsolvable N be a normal subgroup of the finite group G and cd(G|N) denote the irreducible character degrees of G such that there exist respectively corresponding character kernels not containing N. Write |cd(G|N)| to stand for the cardinality of cd(G|N). Suppose that |cd(G|N)| 5. In this paper, we prove that if N is a minimal normal subgroup, then N is a simple group of Lie type. When N is a normal subgroup, we prove that G has a normal series 1 V < U N G such that V is solvable, U /V is a simple group of Lie type and the cardinality |cd(G/U )| 3. As an application, we investigate the structure of G when 5 |cd(G)| 6. Here cd(G) denotes the set of irreducible character degrees of G.
Introduction
Throughout this paper, we only consider finite groups and their complex characters. For a normal subgroup N of a finite group G, we denote by Irr(G|N) the set of irreducible characters of G whose kernels do not contain N, and cd(G|N) the set of degrees of the members in Irr(G|N). It is shown (via [9, Theorem B] ) that if |cd(G|N)| 2 then N is solvable. However, a moment's thought shows that |cd(G|N)| = 3 does not imply the solvability of N. For example, we have cd(S 5 |A 5 ) = {4, 5, 6}. If N is nonsolvable and |cd(G|N)| contains few members, what can be said about the structure of N? In [6] , we characterize G and N just when |cd(G|N)| = 3. In this paper, we prove the following results. In M. Isaacs' book [8] , it is proved that if |cd(G)| = 2, then G is solvable and G is abelian. When cd(G) = 3, G is also solvable and G = 1. The more detailed information can be found in [8, Theorems 12.5 and 12.8] and [1] . When |cd(G)| = 4, G need not be solvable. For instance, cd( A 5 ) = {1, 3, 4, 5}. G. Malle and A. Moretó [14] characterize the nonsolvable group G with |cd(G)| = 4. As an application of Theorem B, we prove the following result. Write C n to indicate the cyclic group of order n. 
Corollary C. If G is a nonsolvable group such that
1. When G /V ∼ = PSL 2 (q), then G/G C f × C d , where d = (p − 1, 2). 2. When G /V ∼ = 2 B 2 (q 2 ), then G/G C f . 3. When G /V ∼ = PSL 3 (4), then G/G C 2 × S 3 .
Almost simple groups

Alternating groups, sporadic groups
Lemma 2.1. Let S be a nonabelian simple group isomorphic to alternating group A n (n 5), and suppose that G is a group such that S G Aut(S). Then |cd(G|S)| > 5 unless one of the following cases occurs.
1. |cd(G|S)| = 4 when n = 6 and G ∼ = A 6 , S 6 or Aut( A 6 ); 2. |cd(G|S)| = 3 when n = 6 and G ∼ = M 10 , PGL 2 (9); 3. |cd(G|S)| = 3 when n = 5.
Proof. For a partition (n − s − r, s + 1, 1 r−1 ) of n 8, it is shown in [15] that S n has an irreducible character, labelled by χ r,s , where r 1, s 0, and r + 2s + 1 n. Furthermore, χ r,s restricts irreducibly to A n except when s = 0 and n = 2r + 1 or s = 1 and n = 2r + 2. Its degree formula is
Based on this formula, we may pick six characters with distinct degrees, for example, χ 1,0 , χ 2,0 , χ 3,0 , χ 1,1 , χ 1,2 , χ 2,1 . By simple calculations, it is known that their degrees are n − 1, (n − 1)(n − 2)/2, (n − 1)(n − 2)(n − 3)/6, n(n − 3)/2, n(n − 2)(n − 4)/3, n(n − 1)(n − 5)/6, respectively. Note that cd(S 7 ) = {1, 6, 14, 15, 20, 21 , 35} (by GAP) and cd( A 7 ) = {1, 6, 10, 14, 15, 21, 35} . Since Aut(S) ∼ = S 7 for S ∼ = A 7 , it follows that |cd(G|S)| = 6.
It is known that cd(S 5 ) = {1, 4, 5, 6} and cd( A 5 ) = {1, 3, 4, 5}, we get that |cd(G|S)| = 3. Now we handle the case S ∼ = A 6 , which is also isomorphic to PSL 2 (9) . By [10] or [11] , it follows that G is isomorphic to A 6 , PGL 2 (9), M 10 , S 6 , or Aut( A 6 ) whose quotient by A 6 is Klein 4-group. Again by [11] , it follows that cd( A 6 ) = {1, 5, 8, 9, 10}, cd(S 6 ) = {1, 5, 9, 10, 16}, cd(PGL 2 (9)) = {1, 8, 9, 10}, cd(M 10 ) = {1, 9, 10, 16}, and cd(Aut( A 6 )) = {1, 9, 10, 16, 20}. The proof is finished. 2 
Finally, suppose that |G/N| = 2r for some odd prime r.
Since d(G/N) = 3 is a prime, it follows that k is a prime power with exponent 2. Thus we can apply the arguments (similar to those of Part 1) to yielding the required result. We have k = 1, and Assume that S ∼ = PSL 3 (q) for q 5. By Table 2 of [19] , we may get the character degrees as follows: 
, applying Corollary 11.29 of [8] , we obtain that
and each a i divides 12. By simple calculations, it easily follows that 20a 1 is unequal to 35a 2 , 45a 3 and 63a 4 , and that 35a 2 is unequal to 45a 3 and 63a 4 , and that 45a 3 is not equal to 63a 4 .
Indeed, θ 5 is the Steinberg character which can extend to G. Gallagher's theorem (6.17 of [8] ) shows that θ G 5 has irreducible constituents with degrees 64 and 128. Thus, we conclude that |cd(G|S)| 6. If G/S is isomorphic to S 3 , the same argument as above is applied to yielding that |cd(G|S)| 6.
In the remaining cases, G/S is always abelian. By the previous paragraph, it follows that |cd(G|S)| 5. Thus the desired result follows. 2 Lemma 2.9. Let S ∼ = PSL 4 (q) and S G Aut(S). Then |cd(G|S)| > 5.
Proof. In Table 2 , the Steinberg character St and the characters with partitions (2, 2), (1, 3) , (1, 1, 2) are extendible to G. By the semisimple characters χ 1 , χ 2 of PGL 4 (q) (as in [23] ), we may get via Clifford's theorem characters ψ 1 , ψ 2 of S with degrees
where d i |d. We consequently get characters η 1 , η 2 of G with degrees
2 f . We assert that these six degrees are pairwise distinct. 
Proof. Using Table 2 , the result follows. The degrees of the unipotent characters in Table 2 
If p = 2 and f 4, then 
Here Also, S possesses the unipotent characters St, χ (1, 3) , χ (2, 2) , χ (1, 1, 2) Proof. By Table 2 , this yields the result. The degrees in Table 2 can be mainly found in [3] . The extendibility of these characters can be verified by [12 
As q is odd in this case, q divides a, a contradiction. If b 2 q(q + 1)(q 2 + 1) = aq(q − 1)(q 2 + 1), then b 2 (q + 1) = a(q − 1). As q is even, (q + 1, q − 1) = 1, so q + 1|a and q 2 f , again a contradiction since q + 1 > 2 f . By using the same arguments as above, we can finally achieve that these six degrees are pairwise distinct. The proof is completed. 2
Lemma 2.16. Let the nonabelian simple group S be of types B n (q), C n (q) for n 3 and S G Aut(S). Then |cd(G|S)| > 5.
Proof. The desired character degrees are derived from 
Lemma 2.17. Let the nonabelian simple group S be of type D n (q) for n 5, q 2 and S G Aut(S). Then |cd(G|S)| > 5.
Proof. The unipotent characters in Table 3 
where a|(4, q n − 1). Using Clifford's theorem, G has an irreducible character of degree eψ s (1) , where e divides df g, (ψ s (1), q) = 1 and (d, q) = 1. The parameter g = 2 when n 5.
Because (4, Proof. The result follows from the first six unipotent characters in Table 3 
Table 4
Character degrees of groups of classical Lie type.
Groups Labels Degrees
St q n(n−1)
Proof. In Table 4 , the top five characters are unipotent and extend to G by [12 
Proof. In Table 4 
Proof. One knows by [3, §13.8 ] that all characters of (2) . Applying the proofs of Lemmas 2.1 and 2.2, W has at least six nonlinear irreducible characters of different degrees, which can extend to Aut(W ). Using Lemma 5 of [2] , for any t 1, we always get that |cd(G|N)| > 5. This is a contradiction. [7] (following the similar manner as in the proof of [14, Lemma 3]). The character η 1 has an extension to G by Lemma 5 of [2] and so σ (1) t ∈ cd(G|N). Thus the degrees σ (1) t , tσ (1) , tσ (1) t−1 , tσ (1)τ (1) , tσ (1) 2 τ (1) and tσ (1) τ (1) 2 are pairwise distinct and lie in cd(G|N) (by Clifford's correspondence), which contradicts |cd(G|N)| 5. Proof of Theorem B. We argue by induction on |G| + |N|. Since |cd(G/V |U /V )| |cd(G|N)| 5, the application of the induction argument on G/V yields that |cd(G/U )| 3 and U /V is a simple group as stated. Now we shall prove that V is solvable. If otherwise, we may let W /X be a nonsolvable chief factor of G with W V , then again by induction on |G/X| + |W /X|, it follows that |cd(G/W )| 3, Theorem 12.15 of [8] shows that G/W is solvable, which forces U /V is also solvable, however, this contradicts our hypothesis. Therefore, we conclude that V is solvable. Thus we are reduced to the case that N is a minimal normal subgroup of G. By Theorem 3.3, we obtain that N is a simple group as stated. 
